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Abstract 

This paper presents a novel adaptive reference governor for robust tracking control in constrained linear systems 
with bounded disturbances. The proposed reference governor achieves a performance improvement over the existing 
reference governors by virtue of its added feature: adaptability. The design of such an adaptive reference governor 
involves a nonlinear non-deterministic polynomial time (NP)-hard optimization problem because the solution of the 
optimization problem must be searched for the infinite number of sequences of disturbance. The SDP relaxation 
method turns out to allow the nonlinear NP-hard problem to be recast into an SDP, which may be readily solved in 
polynomial time. 
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1. Introduction 

A constrained control problem considers dynamical 
systems with pointwise-in-time constraints on control 
input and/or state variables, which is often encoun-
tered in practice [1]. The constraints may drive a 
closed-loop system unstable, which would be stable 
otherwise. One of the most effective ways to control 
such constrained systems is to adopt a so-called refer-
ence governor. Fig. 1 shows a typical block diagram 
of the reference governors. The role of the reference 
governor is to tailor the reference command cy  so 
that the control input and/or state variables always 
stay within the given constraints for all reference in-
puts and disturbances without sacrificing the per-
formance of the overall system [2-4, 7, 9-11]. 

As in the model-based predictive control systems 
[12, 13, 15, 16, 21], the reference governor generates 
the future states based on the given model, using the 
current state, reference input, and disturbance along 

with its bound. The bounded time-varying distur-
bance renders each of the predicted future states into a 
bounded set as shown in Fig. 2. Equipped with the 
future states, the reference governor generates a se-
quence of governor outputs that guarantees the con-
trol input and/or state variables to stay within the 
given constraints at all of the future time steps for any 
possible disturbances. Hereinafter, this type of a ref-
erence governor will be called as a robust reference 
governor in the sense that it seeks for a solution that 
holds for all uncertainties. It should be noted here that 
such robustness could be achieved at the expense of 
performance. 

This paper presents a novel adaptive reference 
governor for the robust tracking control of con-
strained linear time-invariant systems with bounded 
time-varying disturbances. The goal of the proposed 
adaptive reference governor is to achieve robustness 
against the disturbances without sacrificing the per-
formance. The proposed reference governor is adap-
tive in the sense that a governor output for a certain 
future time step reflects on the past trace of the dis-
turbances at the current time step. For example, the  

*Corresponding author. Tel.: +82 2 880 1644, Fax.: +82 2 883 1513 
E-mail address: ymcho85@snu.ac.kr 
DOI 10.1007/s12206-007-1007-8 



62 J. -H. Oh et al. / Journal of Mechanical Science and Technology 22(2008) 61~69 

Fig. 1. Typical reference governor. 

Fig. 2. Uncertainty evolution. 

governor output for the next time step is given as a 
function of the disturbance between the current and 
the next time steps, which is not known at the current 
time step but its bound would be known by the next 
time step. Hence, at the next time step, the reference 
governor may adapt its output based on the now 
known bound of the disturbance. 

The difficulty in realizing the adaptability lies in 
the non-deterministic polynomial time (NP)-hard 
property of the given problem, which is shown in the 
following section. To circumvent such a difficulty, 
this paper recasts the given problem into an adaptive 
semi-definite program (ASDP) [19, 20] and, in turn, 
relaxes the ASDP into an SDP [5, 22] via the S-
procedure [5, 8, 23]. SDPs are convex optimization 
problems that are proven to be solvable in polynomial 
time [17, 22].

2. Problem formulation 

The controlled process is assumed to be asymptoti-
cally stable, represented by 

i+1 i u iwwx Ax b + b   (1) 
,T

i i i w iy du d wc x   (2) 

where xn
i Rx  is the state vector, iu R  is the 

attenuated reference command, iy R  is the system 
output, and iw R  is the disturbance with the bound 

*, 0, 1, 2, .i iw w i   (3) 

Here, *
iw  is known a priori. It is further assumed 

that at the thi  time step, iw  is known up to the 
time step 1i .

The linear constraints on control input and/or states 
may be generally expressed as 

* ,

1, , , 0, 1, .

T
j i j i j i ji ji

c

f u g w p p

j n i

e x
  (4) 

where cn  is the total number of constraints, and je ,
jf , jg , jip  and *

jip  are vectors of appropriate 
dimensions. Note that the above inequalities may 
represent a wide class of constraints on state variables, 
input, input rate, output overshoot and undershoot, etc. 

For simplicity, starting from the th0  time step, 
consider how to calculate the st1  plant input. That is, 
given the initial state 0x  and plant input 0u  (typi-
cally, 0 0u ) that satisfy Eq. (4) for 0i , an opti-
mal plant input 1u  is sought after in the sense that 

Eq. (4) is satisfied from the time step 1 to un  (the 
horizon size). The un -step control sequence 

1 ,
u

T
nu uu =   (5) 

and any allowable un -step disturbance sequence 
(allowed by Eq. (3)) 

0 .
u

T
nw ww =   (6) 

The same control sequence u  minimizes the cost 
function

2

1

,
un

c i
i

J y y   (7) 

 where cy  is the set-point reference command. 
Minimizing Eq. (7) leads to fast convergence to the 

set-point reference command, which is one of the 
most common control goals. Note that the problem 
can be generalized to a tracking problem with 

icy
instead of cy  for 1, , ui n .
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Before proceeding, define a set of allowable distur-
bance sequences, 0W , as 

*
0 0( , ) | , 0, , .

u
T

n i i uz z z w i nW   (8) 

Then, the problem discussed thus far may be suc-
cinctly formulated as 

0P : For given 0x  and 0u , find u minimizing 
the cost J given by Eq. (7), while, for any 0w W ,
the constraint given by Eq. (4) is satisfied for 

1, , ui n .
When solving 0P , note that the thi  input iu

must be chosen so that Eq. (4) is satisfied for all past 
disturbance jw , 0, , 1j i  satisfying Eq. (3) as 
well as the thi  disturbance iw , granted that jw ,

0, , 1j i  would be known by the thi  time step. 
In this sense, 0P  is a robust predictive control prob-
lem. Ignoring the computational load, a larger un
would result in better performance. However, it is 
easily observed from Fig. 2 that the feasibility of 0P
is greatly influenced by un . That is, as un  becomes 
larger, it is less likely that 0P  is feasible. 

Although performance degradation may be encoun-
tered from time to time, the problem with the feasibil-
ity of 0P  may be attacked by introducing adaptabil-
ity, i.e., by stipulating that iu  be chosen to be a func-
tion of jw , 0, , 1j i . First, the solution of 0P
is parameterized as a linear combination of distur-
bance independent ( au ) and dependent terms 
( bU w ):

a b ,u u U w   (9) 
Where 

1 u

T
a a anu uu   (10) 

11

21 22

1 2

0 0 0
0 0

0
u u u u

b

b b
b

bn bn bn n

u
u u

u u u

U   (11) 

It is easily seen in Eq. (9) that the control command 
at each time step becomes the output of a linear 
causal filter with the disturbance iw  as an input: 

1
1

, 1, , .
i

i ai bik k u
k

u u u w i n   (12) 

Although the parameterization in Eq. (9) may still 

cause a feasibility problem, the branch and bound 
algorithm can help to tackle it. With Eq. (9), 0P  may 
be recast into 

1P : For given 0x  and 0u , find au  and bU
minimizing the cost J  given by Eq. (7), while, for 
any 0w W , the constraint given by Eq. (4) is satis-
fied for 1, , ui n .

1P  may be thought of as an adaptive predictive 
problem in that iu  may be found for each sequence 
{ jw , 0, , 1j i } among an infinite number of 
sequences satisfying Eq. (3) for 0, , 1j i . How-
ever, note that 1P  is now an NP-hard problem be-
cause of the infinite number of sequences { jw ,

0, , 1j i }, 1, , ui n , which implies that 
adaptability cannot be realized in practice. In the fol-
lowing section, the SDP relaxation method helps to 
recast 1P  into a convex problem. The SDP relaxa-
tion method has recently expanded its territory by 
providing satisfactory solutions in many applications, 
where the solution to the relaxed problem turns out to 
e very close to the optimal one [6, 14, 18].

3. Numerical solution via SDP relaxation 

In this section, the SDP relaxation method helps to 
recast 1P  into a convex optimization problem. More 
specifically, the SDP relaxation method achieves its 
goal by replacing iw  with *

iw , for 0, , ui n .
First, the cost function is relaxed. The cost function 

in Eq. (7) is converted into the following constraint: 

2

1

,
un

c i
i

y y   (13) 

where  is a new control variable. It is obvious that 
minimizing  while satisfying Eq. (13) is equivalent 
to minimizing J . Algebraic manipulations with Eq. 
(1) result in 

1, 2i+1 i i a i b i , i = , ,x h F u + (FU +G )w  (14) 
where  

1
0 0( )i

i x uh A A b   (15) 

( 1)

, If 1

, otherwise

x u

x u

n n

i n n ii-2

iO
F

A b Ab b O
 (16) 

( 1)x un n ii-1
i w w wG A b Ab b O .  (17) 

Here, n mO  is an n m  matrix whose elements 
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are all zeros. iJ , 1, ui = ,n  is an 1un  vector 
whose elements are all zeros except ( ) 1i iJ  while 

iK , , ui = 0 ,n  is an ( 1) 1un  vector whose 
elements are all zeros except ( 1) 1i iK . Then, by 
Eq. (1) and Eq. (14), the constraint in Eq. (13) may be 
rephrased as 

0 0 0 0 0

0 0 0 0

0 0

2 2( )

( ) (

)

T T T T
a r a r a w r b

T T T
b r a w b r b

T T
b b

r

2

u P u q u q q U w

+ w U P Q u w P U P U

Q U U Q w
 (18) 

where 
2

0
1

un
T

c i
i

r y c h   (19) 

0
1

( ) ( )
un

T T T T T
r i i i i

i

d dP = c F J c F J   (20) 

0
1

( ) ( )
un

T T T T T
w i w i i w i

i

d dP = c G K c G K   (21) 

0
1

( )( )
un

T T T T
r c i i i

i

y dq c h c F J   (22) 

0
1

( )( )
un

T T T T
w c i i w i

i

y dq c h c G K   (23) 

0
1

( ) ( )
un

T T T T T
i w i i i

i

d dQ = c G K c F J   (24) 

The constraint in Eq. (18), along with the Schur 
complement inequalities [5] becomes 

0 0 ( 1) 11 2
0

2
0, u

u

T T T nT

n
R

I

 (25) 
where 1  and 2  are temporary variables with an 
appropriate dimension, defined as 

1 0 0 0 0 0

0 0 0

2 2( )

( )

T T T T T
r a w r b a

T T T
w b b

r q u q q U u Q w

w P Q U U Q w
 (26) 

2 0 0r a r bP u P U w   (27) 

Note that k  denotes a temporary variable 
throughout this paper. 

Let 1 0i iw  and 1 1u

T
n . Then, Eq. 

(25) can be shown to be equivalent to the following 
inequality, 

2
0 0 0 0 0 0 0

0 0 0

0 0 0

( 2 ) 2 ( )

( )

2 2 0
u

T T T T T
r a w r b a

T T T
w b b

T T T T
a r b r n

r q u q q U u Q

P Q U U Q

u P U P I

 (28) 

for all (2 2) 1
0

u
T nT T R  such that 

2 * 2 2
1 0i iw   (29) 

Now, the S-procedure along with slack vari-
ables 0 0is , 1, , ( 1)ui = n  leads to the follow-
ing sufficient condition for Eq. (28) 

2
0 0 0 0 0 0

0 0 0 0

0 0 0

1
* 2 2 2

0 1 0
1

( 2 ) 2 (

) ( )

2 2

( ) 0

u

u

T T T
r a w r b

T T T T T
a w b b

T T T T
a r b r n

n

i i i
i

r

s w

q u q q U

u Q P Q U U Q

u P U P I

 (30) 
for all (2 2) 1

0
u

T nT T R .

Eq. (30) may be compactly represented as the fol-
lowing LMI: 

3 4 0

4 5 0

0 0

0

u

T
a r

T T
b r

r a r b n

u P

U P

P u P U I

  (31) 

0 0is , 1, , ( 1)ui = n   (32) 

where  

1
* 2

3 0 0 1 0
1

2
un

T
r a i i

i

r w sq u   (33) 

4 0 0 0( )T T T T
w r b aq q U u Q   (34) 

5 01 0 1 0 0 0diag([ ]) ( )
u

T T
n w b bs s P Q U U Q  (35) 

It must be noted that w  in Eq. (18) is replaced 
with *

iw , 0, , ui n  in Eq. (31). 
Now, consider the constraint Eq. (4) together with 

Eq. (9). By using Eqs. (15)- (17) and the Schur com-
plement, Eq. (4) may be compactly described as 
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* 2
0 06 2 1

0
6

0,
1

T
Tjip

R  (36) 

where  

6 ( ) ( )T T T T T
j i j i j i j i j i jif g - pe h e F J u+ e G K w

(37)
In turn, Eq. (36) may be recast as 

2 * 2 2
0 02[ ( ) ]

2[( ) ( )] 0

T T T
ji j i j i j i a ji

T T T T
j i j i b j i j i

p f p

f g

e h e F + J u

e F J U + e G K

 (38) 
for all ( 3) 1

0
u

T nT T R  such that 

2 * 2 2
1 0i iw   (39) 

Then, the S-procedure along with slack variables 
0jis , 1, , ( 1)ui = n  leads to a sufficient condi-

tion for Eq. (38) to hold: 

2 * 2 2
0 0

1
* 2 2 2

1 0
1

2[ ( ) ]

2[( ) ( )]

( ) 0,
u

T T T
ji j i j i j i a ji
T T T T
j i j i b j i j i

n

ji i i
i

p f p

f g

s w

e h e F + J u

e F J U + e G K

( 3) 1
0

u
T nT T R   (40) 

Now, Eq. (40) may be turned into the following 
LMI:

1 ( 1)
7 8

( 1) 1
9

8 9

0

1

u

u

n

n T
j

O

O S   (41) 

where 

1 1diag([ ])
uj j jns sS   (42) 

1
* 2 * 2

7 1
1

un

ji i ji
i

p w s   (43) 

8 ( )T T T
j i j i j i a jif pe h e F + J u   (44) 

9 ( ) ( )T T T T
j i j i b j i j if ge F J U + e G K   (45) 

Note that Eq. (41) does not contain w .

Now, it is possible to recast the original problem 
1P  into an SDP. The original problem 1P  is feasible 

if the following SDP 2P  is feasible: 
2P : For given 0x  and 0u , find au and bU ,

0 0is , 1, ,( 1)ui = n , and 0jis , 1, , cj = n ,
1, ,( 1)ui = n , such that is minimized and Eqs. 

(31), (32), and (41) hold for 1, ,( 1)ui n .
Note that SDPs are convex optimization problems 

and are proven to be solvable in polynomial time [6, 
14, 18]. Although it may be argued that the computa-
tional burden on solving 2P  limits the applicability 
of the proposed approach, the advance in the com-
puter technology makes it possible to solve 2P  in 
real time in many practical problems. 

It is worth noting that 2P  is more likely to be fea-
sible as the bound of disturbance becomes smaller. 
Thus, even though 2P  is not feasible with respect to 
the current set of disturbance bounds, it is possible to 
find a finite covering of disturbances such that 2P  is 
feasible with respect to every element of the covering. 
One of the best ways to find such a covering may be 
to apply the so-called branch-and-bound-like algo-
rithm explained as in [20].

4. Numerical example 

Consider a simplified inverted pendulum problem 
introduced in [9]. The equation of motion is repre-
sented by 

v   (46) 

where  is the angle between vertical line and the 
pendulum while v  is the motor current, which is 
bounded as 

0.1v   (47) 

A controller has been designed so that the whole 
system may be asymptotically stable (without the 
input constraint): 

[6 2]v 5ux +   (48) 

Yet, due to a measurement disturbance, iw , the 
control input, v , is given by 

[6 2]v 5u - 6wx +   (49) 

where 
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*( ) sign(sin(2 ))w t w t   (50) 

The whole system is digitized with a sampling pe-
riod 0.1T  sec to give 

0.97668 0.08988 0.02332
0.44941 0.79692 0.44941

0.02798
0.53929

i+1 i i

i

u

w

x x
(51)

1 0i iy x   (52) 

where iy  is the angle at the thi  time step and 
*sign(sin(2 ))iw w i , 0 1, 2,i = , . The constraint 

on v  is now represented as 

[6 2] 0.1,i i i5u - 6wx + 0 1, 2,i = , (53)

An adaptive reference governor is designed by 
solving 2P  in the previous section, along with the 
above system equations, while a robust reference 
governor is designed for comparison. A robust refer-
ence governor may be readily designed by using 2P
with bU =0. Computer simulations have been per-
formed for the following two cases:  

0.04cy , 15un , *=0.002w   (54) 

0.04cy , 15un , *=0.004w   (55) 

Since there is only one constraint on the control in-
put v , 1cn . The first step to solve 2P  is to 
calculate the LMI components in Eqs. (31), (32) and 
(41) such as ih , iF , iG , 0rP , 0wP , 0rq , 0wq
and 0Q , respectively. Recall that the dimensions of 

au  and bU  as well as those components are deter-
mined by the horizon size un . The simulation is 
performed by using the software SDPpack [24]. 

The simulation results are depicted in Figs. 3-10. 
First, Figs. 6 and 10 show that the input, v , is satu-
rated at most time steps till 30 sec without a governor. 
As a result, the plant outputs without a governor dis-
play large overshoots as shown in Figs. 3 and 7. Figs. 
3 and 7 also show that the disturbance leads to huge 
overshoots and steady state errors without a governor, 
while both adaptive and robust reference governors 
provide better set-point tracking performance. 

It is obvious from Figs. 3, 4, 7, and 8 that the adap-
tive reference governor outperforms the robust refer 

Fig. 3. Plant outputs ( *=0.002w ).

Fig. 4. Magnified plant outputs ( *=0.002w ).

Fig. 5. Plant inputs ( *=0.002w ).

ence governor. Especially, the adaptive reference 
governor shows less overshoot, smaller steady state 
error, and faster convergence than the robust refer-
ence governor. In addition, Figs. 5 and 9 indicate that  
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Fig. 6. Constraint ( *=0.002w ).

Fig. 7. Plant outputs ( *=0.004w ).

Fig. 8. Magnified plant outputs ( *=0.004w ).

the plant input of the adaptive reference governor 
consumes less energy than that of the robust reference 
governor. 

Fig. 9. Plant inputs ( *=0.004w ).

Fig. 10. Constraint ( *=0.004w ).

Fig. 11. Plant output variations for *=0.002w and
*=0.004w .

Fig. 11 shows that the adaptive reference governor 
provides more robust performance against the distur-
bance than the robust reference governor does. That 
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is, the output profiles of the adaptive reference gover-
nor for *=0.002w  and *=0.004w  remain almost 
unchanged, while those of the robust reference gov-
ernor differ significantly from each other. Such a 
discrepancy is not unexpected since, in the case of the 
robust reference governor, a bigger disturbance 
bound leads to more conservative constraints and, in 
turn, performance degradation. On the other hand, the 
adaptive reference governor reduces the effect of such 
a variation on the disturbance bound via adaptation, 
and hence, the governor may provide much more 
improved performance against a disturbance bound 
variation. 

5. Concluding remarks 

The well-known SDP relaxation method is utilized 
to design an adaptive reference governor for the ro-
bust tracking control of a constrained linear system 
with bounded disturbance. The adaptive reference 
governors are shown to outperform the existing ro-
bust reference governors. Moreover, the optimization 
problem in the model-based predictive control 
scheme turns out more likely to be feasible by adopt-
ing adaptability. Although lacking in a thorough 
treatment on the feasibility and stability, the proposed 
approach has the potential to make an impact on 
many practical constrained control problems. 
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